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Abstract. Development of a complicated technical problem encompasses different successive deci-
sions that are based on techical analysis and engineering judgment. In each of these steps, some degree
of non-determinism is inevitable. The paper discusses different types of non-deterministic parameters
that may be relevant in different stages of engineering analysis. The entire cycle of development of a
product is considered, and it is shown that the relevance of methods is different in different stages of
the development cycle.
A classification of different types of non-deterministic properties is presented. Based on the nature
of these different classes of model properties, it is discussed to what degree each of these fits in the
framework of either a probabilistic or a non-probabilistic concept.
The availability of realistic data in an appropriate format is another issue that should be taken into
account. A validated probabilistic representation is usually only possible after an extensive campaign
of data acquisition has been conducted, or at least after sufficient data have been collected to allow
for a reliable estimation of a statistical model. A study of scientific literature shows that validated
information is not always available.
A general conclusion is that probabilistic methods are applicable in later stages of development,
when a sufficiently large database of product data has been gathered. Probabilistic approaches are
perfectly suited for conditions when the product is already in service. Possibilistic analysis on the
other hand is best suited for application in cases when the data set about the product at hand is still
incomplete.
Introduction
Engineering design is the activity of design and development of technical products. A technical product
is built to fulfil a well specified function under more or less well prescribed conditions of utilisation.
The complexity of modern technical products tends to increase systematically, increasing the need
for thorough design analysis. This process consists of a number of analysis verifications on a virtual
product. A common procedure for design verification is finite element analysis, a numericalmethod for
the simulation of the effect of mechanical or thermal loads on a product. As most product parameters
are undetermined in the initial phases of design, a range of non-deterministic properties have to be
taken into account. This paper discusses the effects of non-determinism on engineering analysis using
the finite element method (FE).
There is a clear current trend to use the increasing computational power of modern computer
hardware on uncertainty and variability, rather than on ever more detailed FE models. Probabilistic
FE analysis already built up a long-standing tradition with increasing capabilities to analyse the effect
of numerous uncertain and variable parameters in FE models. Examples can be found in [1], [2],
[3], [4], [5], [6] and [7]. On the other hand, non-probabilistic methods have a much shorter history.
Recently, a number of non-probabilistic approaches for non-deterministic analysis are emerging. The
Interval FE analysis is based on the interval concept for the description of non-deterministic model
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Fig. 1: Classes of variability and uncertainty and their overlaps
properties. The Fuzzy FE analysis is basically an extension of the IFE analysis. Examples include [8],
[9], [10], [11], [12], [13], [14] and [15].
Definitions
In literature, the use of the terminology error, uncertainty and variability is not unambiguous. Differ-
ent researchers apply the same terminology but the meaning attached to these is rather inconsistent.
This necessitates a profound clarification of the terminology for each publication which treats un-
certainties. This work does not propose a new terminology, but applies the terminology proposed by
Oberkampf [16]. Some additional nuances are, however, necessary.
The term variability covers the variation which is inherent to the modelled physical system or the
environment under consideration. Generally, this is described by a distributed quantity defined over a
range of possible values. The exact value is known to be within this range, but it will vary from unit
to unit or from time to time. Ideally, objective information on both the range and the likelihood of the
quantity within this range is available. Some literature refers to this variability as aleatory uncertainty
or irreducible uncertainty, referring to the fact that evenwhen all information on the particular property
is available, the quantity cannot be deterministically determined.
An uncertainty is a potential deficiency in any phase or activity of the modelling process that is
due to lack of knowledge. The word potential stresses that the deficiency may or may not occur. This
definition basically states that uncertainty is caused by incomplete information resulting from either
vagueness, nonspecificity or dissonance [17]. Vagueness characterises information which is impre-
cisely defined, unclear or indistinct. It is typically the result of human opinion on unknown quantities
(``the density of this material is around x''). Nonspecificity refers to the availability of a number of
different models that describe the same phenomenon. The larger the number of alternatives, the larger
the nonspecificity. Dissonance refers to the existence of conflicting evidence of the described phe-
nomenon, for instance when there is evidence that a quantity belongs to disjoint sets. Possibly, limited
objective information is available, for instance when a range of possible values is known. In most
cases, however, information on uncertainties is subjective and based on some expert opinion. Others
in literature refer to this uncertainty as reducible, epistemic or subjective uncertainty.
An error is defined as a recognisable deficiency in any phase of modelling or simulation that is
not due to lack of knowledge. The fact that the error is recognisable states that it should be identifi-
able through examination, and as such is not caused by lack of knowledge. This means that the error
could be avoided by an alternative approach which is known to be more accurate, but which is possibly
limited in practical applicability by computational cost or other practical considerations. A further dis-
tinction between acknowledged and unacknowledged errors is possible. Errors will not be considered
further in this paper.
These definitions are partially overlapping, as illustrated in Fig.1.
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Assessment of non-deterministic parameters in the engineering process
Over the entire life of a technical product many sources of non-determinism may be relevant. This
section describes briefly the process, and it identifies the phaseswhen the uncertainties and variabilities
play a role. The case of a product designed to withstand mechanical loads is taken as an example, but
other cases are similar.
Overview of stages in the engineering process The engineering process typically consists of a
number of successive phases :
1. definition of product specifications and design data, and definition of load cases
2. definition of a preliminary design and initial analysis of its feasibility
3. gradual design refinement and improvement, and specification of design details, concluded with
the definition of final design
4. definition of the production process
5. production startup and quality control
6. operations of the product in service conditions
Each of these phases considers a number of inputs, some of which may be uncertain. Each of these
phases is concluded with a decision.
Discussion of introduction of non-determinism in the engineering process Uncertainties and
variabilities play a role in each of the phases that are listed. Throughout the discussion, the example
of a truck chassis will be presented for the purpose of illustration.
1. definition of product specifications , design data and load cases : This phase includes the estab-
lishment of a list of input design data (product requirements) and conditions of utilisation of
the product. These specifications are often rather general. For the purpose of technical analy-
sis however, numerical data are required, preferably with a maximum degree of precision. It is
common to include a margin of safety. However, this margin should not be too large, to avoid
unnecessary overconservatism and uneconomical design. Several factors complicate the spec-
ification of precise data. Design data are still uncertain because some design parameters will
be specified only during the subsequent process of design refinement. Specifications may be
imprecise as several design variants of a product should be realised with a maximum degree of
commonality. Component commonality is desired to reduce the number of components that are
produced by a company and to simplify maintenance. On the other hand, commonality reduces
the options for optimisation of a product.
As far as technical design specifications are concerned, several requirements should be met :
strength of the product, static and dynamic stiffness, fatigue life, . . . . The technical analysis that
is required to verify these properties are very different, and further, these qualities depend on
different product properties. Strength and fatigue life are the result of local design details, and as
such, the data that are required to verify these properties are available only later in the analysis.
The availability of design specifications depends very much on the industrial sector. In several
areas design criteria are well established, based on many years of expertise with similar de-
signs in previous cases. Design standards exist in the civil engineering sector, covering a wide
spectrum of load cases in nominal and exceptional conditions, and these standards are even
extensively documented. Other specific sectors of industry such as aircraft structures, pressure
vessels, hoisting equipment also have well established design criteria. Standards are defined by
independent normalisation and standardisation bodies, and insurance companies verify the cor-
rect application of standards before an insurance agreement is signed. In most other sectors of
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industry however, generally accepted standards are not available and each manufacturer has to
decide for himself on the criteria to be applied. The determination of specifications is a rather
delicate compromise between operational safety and economical design. Almost all consumer
products are in this category.
In a limited number of industrial products, probability of failure is prescribed. An example
is space industry, with a prescribed value on the reliability of launch vehicles. This value is
however theoretical as the actual failure rate of launches does not match the prescribed numbers.
For the case of the truck, there are many product specifications, such as the type of load that
the truck should transport, the maximum design load, its mission profile, the maximum dimen-
sions, . . .The mission profile may be very different : long haul for transcontinental transport on
motorways, medium to short haul such as for concrete mixer trucks, very short range with very
frequent stops and starts such as for garbage collection. The determination of loads is based to
a large extent on experience with previous models. The load history can be measured by instru-
mentation of an existing vehicle. Typical mission profiles can be deduced, and used for later
design development. Standards for trucks cover only part of the design requirements.
This phase in the design exercise should be concluded with a set of requirements that is as
concise as possible, if relevant including statistical data.
2. definition of preliminary design and initial analysis After basic design requirements are formu-
lated, one or more initial concepts are proposed for the newly designed product. Comparative
design analysis typically uses so-called concept models that represent the global characteristics
of the product without details. A correct focus on parameters that drive the design lay-out is
crucial in this stage. For the sake of effective product design in subsequent phases, it is im-
portant that crucial design decisions are taken as early as possible. The pressure on design and
development departments in companies to shorten product design cycles grows continuously.
Unfortunately, complete product design data are usually not yet available at that stage, and data
imprecisions have to be taken into account. Conservatism is absolutely required, yet without
being excessive.
In the truck case, the concept model consists of discrete elements representing flexible compo-
nents and discrete masses such as the engine and the fuel tank. The size and the filling percentage
of the fuel tank (and sometimes also its position) being uncertain, the analysis has to take into
account a relevant range of parameter settings.
Relatively few people are typically involved with this phase of design, and experience shows
that most companies have only few experts who are qualified to define relevant inputs. The
concept of subjective probability is therefor not applicable here. On the other hand, this design
phase is concluded with a preliminary yet clear definition of the product concept. In the truck
case, primary structural members can now be specified.
3. design refinement, leading to final design After the product concept is established, product de-
sign should be gradually refined. As design activities proceed --- often in separate design teams
with different responsibilities --- more and more design data become available. Numerical mod-
els are refined, and detailed design analysis becomes feasible. The result set of the analysis grows
likewise, and each output quantity is subject to verification of design criteria. Not only global
criteria but also local criteria can now be verified, possibly including a safety factor. Each crite-
rion is expressed as an inequality, and the degree by which it is fulfilled is unspecified and thus
uncertain.
In the truck case detailed design includes the determination of details such as the position of
holes and joints, the type of joints (welded, bolted, each with their inherent uncertainties), sizes
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of secondary structural members, . . .The number of details is so large that it is sometimes im-
possible to include them all into a numerical model, inevitably increasing the uncertainty on the
product behaviour. This statement is especially true for local design details that typically affect
local product response, such as fatigue life.
This design phase is concluded with a concise complete set of design specifications, including
all design details.
4. production process definition After nominal design parameters are specified, the entire process
of production and assembly should be outlined. However, each step in the production process
has its own range of accuracy that can be achieved. It depends on the quality of the specific
production machine on which the component is manufactured and on the skills of the machine
operator. The required accuracy is specified by the so-called geometrical tolerances. A tolerance
is amin-max range and eachmeasure should be verified to bewithin that range. The specification
of a production process translates into the definition of a parameter range. However, on the
production machine, nominal values are set.
For the truck case, nominal machine parameters have to be set on all machines for cutting,
sawing, punching, drilling, milling, folding, grinding, . . .This list contains precise, unique data,
to be used at the production machinery of the manufacturer. A list of tolerances should be added
specifying the ranges on geometrical properties.
5. actual production and quality control With the machine parameters set in the previous phase,
actual production can be started. The result of production operations on each individual prod-
uct is then subjected to some kind of quality control. However, even with a precise setting of
machine parameters, the properties of each individual product are never identical. A quality con-
trol procedure is then required to verify if each product meets the standards. Different levels of
quality control are used : no control on semi-finished products, implicit verification by obvious
deficiencies, a predefined sampling procedure, full quality control on each individual product,
extensive qualification and acceptance tests.
The results of quality control is interpreted in two different ways. At the level of each individual
product, the verification of quality leads to either acceptance of the product or to rejection and
scrapping. This decision is of a yes/no type. At the level of a complete batch of production, a
quality distribution can be established expressing which percentage of products meets a desired
quality level.
In some production facilities, non-conformancy procedures can be used, when a product exhibits
an acknowledged deficiency, and the cost of scrapping is considered too high, it may be preferred
to rework it and adapt the design to the observed deficiency. A new design analysis is required
in that case. The result of this procedure is a yes/no decision.
6. operations in service conditions A well-designed product usually behaves well in normal service
conditions, provided that the user or operator respects the conditions and limits of utilisation.
However, unanticipated incidents may inflict damage on the product. If such an incident oc-
curs, the operator usually verifies the extent of damage and he decides if the product should be
repaired. Most mechanical systems further exhibit some kind of wear or damage accumulation
(e.g. due to fatigue) over their economical lifetime. If the extent of wear or damage becomes
such that nominal operation of the product gets dangerous or unreliable, it is common to replace
the wear-sensitive or damaged components by new ones. This decision may be based on differ-
ent criteria : preplanned after some fixed period of utilisation, by continuous monitoring of the
performance of the product, or by more or less incidental observation of a deficiency. In the first
or the second case, this decision may be prepared by previous expertise that is gathered after
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careful examination of the operational performance of previous examples of a similar product.
The decision to repair a component is a yes/no decision.
Unappropriate utilisation of the product may obviously lead to unforeseen events, which may
have a negative influence on the appreciation of the user. This condition is not considered here.
Summary of decisions on non-determinism in successive steps of engineering analysis In all
phases of engineering analysis of a technical component over its product lifetime, all decisions are
crisp. They are either yes/no decisions or they involve the specification of precise values or a range
of values. Availability of data is usually insufficient to support a statistical interpretation of design
decisions. Generally speaking, the interval or the fuzzy concepts is most appropriate for technical
analysis.
Statistical interpretation may be relevant in three out of the six stages that are listed above :
 the specification of design loads or the specification of a probability of failure may be based on
a statistical interpretation
 product quality and control may lead to the establishment of quality distribution over the full
range of nominally identical products
 the decision to replace a component during its service lifemay be based on statistical information
gathered previously with similar products
Availability of data
Next to analysis methods, also numerical data must be available in the appropriate format to allow
for a reliable analysis. The authors have conducted a review of journal publications in the field of
non-deterministic analysis in structural dynamics. Only the numerical examples are considered, with
a focus on how the input data are described. Most of the papers that listed are published in the journal
for ComputerMethods in AppliedMechanics and Engineering. Uncertainty mostly applies onmaterial
constitutive data, and for this reason several materials related journals are listed as well. The review is
restricted to linear elastic material constants as they are the basic data that characterises the material
constitutive behaviour in the most common condition of utilisation. These material data are most
widely documented. Non-elastic and visco-elastic behaviour are left out of this study. Material data in
these ranges are less available, and they also much more case-dependent.
Probabilistic models All considered case studies pertain to applications in structural dynamics
and also in static structural analysis with random stiffness characteristics : the Integral spacecraft[1], a
12-storey building [2], a test coupon in Glare [3], the dynamics of a rod [4], a micro-electromechanical
system [5], a truss structure [6] and a fibre-reinforced composite [7]. Only the first publication [1] gives
a reference to data that are based on measurements or on thorough analysis. The authors of the other
papers content themselves with assumptions on the nature and the quantification of stochasticity. Quite
different levels are assumed for the coefficients of variation (ranging from 4% to 30%). Sometimes the
coefficients of variation are different for different properties, and sometimes they are not. Sometimes
a correlation between different properties is assumed, and sometimes properties are independent. The
models for spatial variation are very diverse, with different assumptions for correlation length.
Non-probabilisticmodelsNon-probabilisticmodels are used in different conditions, usuallywhen
limited data are available, and when a probabilistic interpretation is not required. The cases that are
considered include a truck-trailer combination [8], a suspension triangle [9], an impactor [10], a cylin-
drical structure in a spacecraft [11], a vehicle windshield [12], [13], an aircraft structure [14] and the
heat affected zone in a welded structure [15]. Non-probabilistic models are fed with input data that are
only subjectively linked to realistic problem data. If the bounds of the interval are well defined, and if
the non-probabilistic analysis procedure does not introduce artificial conservatism, and the output is
a realistic set of bounds on output quantities.
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Discussion of parameter data For uncertain variabilities, a representation by a single random
quantity is generally not sufficient. Engineering scientist Freudenthal [18] stated in 1961 that ''. . . ig-
norance of the cause of variation does not make such variation random.''. By this, he means that
when crucial information on a variability is missing, it is not good practice to model it as a probabilis-
tic quantity represented by a single random PDF. On the contrary, in this case it is mandatory to apply
a number of different probabilistic models to examine the effect of the chosen PDF on the result. For
instance, when the range of the variability is known but the information on the likelihood is missing,
all possible PDFs over the range should be taken into consideration in the analysis. The analyst will
generally select only a few probabilistic models which he considers consistent with the limited avail-
able information or most appropriate to obtain as much knowledge as possible on the result. Another
important criterion in the selection of the type of distribution is the nature of the distribution function
itself and its relation to the phenomena that is represents. The risk function is a useful indicator in this
respect.
Material data The mechanical properties of most common structural materials, especially met-
als and unreinforced polymers, are relatively well known. However, the range of materials is very
wide, and properties may differ with precise chemical composition, with thermal treatment and they
may even be different with different manufacturers. In addition, material properties have some scat-
ter. However, over all physical and mechanical properties that a material exhibits, mass and stiffness
usually are fairly close to their nominal values, unlike strength, which depends strongly on chemical
composition and heat treatment. Thickness of the unworked piece also plays a role in material strength,
with strength decreasing with increasing thickness.
Non-determinism in the properties of a specific material is a case of variability. Real materials
are characterised in experimental measurements. The size of the set of measurements that are taken
in identical conditions determines if a probability density function can be established with sufficient
accuracy. If a sufficient number of individual measurements are available, the variability can be con-
sidered certain.
Metals and polymer materials databases The first source for metals and polymer materials data
is a materials database. The MIL-handbook [19], which is now published on the web, and other web
based databases such as matweb [20] and efunda [21] contain a large number of records for many
material variants, even from different manufacturers. They usually specify nominal values, sometimes
complemented with an indication of the probability distribution.
These databases do not give any indication on the spatial scatter within a test coupon. The test
procedure implies that stiffness values are averaged numbers of the length of the sensor that is used,
whereas strength is based on a local values in the section of fracture. Experimental data on spatial
scatter are not available.
Othermodel properties In addition tomaterial properties and geometrical dimensions and shapes,
other FE model characteristics exhibit some kind of uncertainty or variability as well.
A delicate property is the boundary condition with which a structure is attached to the environment.
Only one reference has been identified that addresses uncertainty on boundary conditions for buckling
analysis of cylindrical shells with random boundary geometric imperfections [22]. FE models typi-
cally use either pinned of fixed conditions. In a pinned connection displacements are prescribed and
rotations are free, and in a fixed connection both displacements and rotations are fixed. These condi-
tions correspond to an infinitely stiff connection, which can never be realised in practice. The stiffness
of the connection may be very small or very large, but it is always finite. The non-determinism has
definitely a character of uncertainty, and an interval number or a fuzzy number seems to be the best
representation.
Damping is another unknown quantity. Physically realistic models for damping are not available,
and it may even be hard to characterise damping from experiments. An interval number is again the
most appropriate model.
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Observations on material data After bringing together all the information and material data that
are reported in literature, the following general tendencies are observed :
 probabilistic methods provide more information than non-probabilistic methods; however, both
families are highly complementary
 the number of publications on probabilistic methods exceeds the non-probabilistic ones
 almost all publications refer to aleatory uncertainty in material parameters, but there are very
few references to uncertainty on other important FE model parameters that are not precisely
known, such as boundary conditions
 very few publications refer to validated data, and most authors who publish in the leading scien-
tific journal content themselves with assumptions on the non-deterministic nature of the model
parameters
 very different values are assumed for the coefficients of variation on material parameters such
as Young's modulus : from 4% to even 30% for isotropic materials
 literature does not provide any evidence on values for spatial scatter; correlation length is based
on assumptions, apparently related to the length of the component
 correlation between model parameters is not taken into account
Conclusion
The emerging non-probabilistic approaches are redefining the landscape for non-deterministic FE
analysis. It is the aim of this paper to give insight into the possible useful applications of these ap-
proaches, referring to the generally accepted and widely adopted probabilistic approach.
Different sources of uncertainty are reviewed, and it is concluded that the probabilistic approach
remains the most interesting to tackle problems that are subject to complete and objective probabilistic
influences. However, in the presence of uncertain quantities that require subjective information in
order to be described numerically, the interval and fuzzy approach become increasingly interesting.
Especially for uncertainties, the fuzzy concept is very appropriate because of its implicit subjective
nature.
Researchers follow diverse strategies when they introduce non-determinism in their engineering
analysis, and the type of data that are available does not necessarily match with the objectives of
the analysis. The availability of data determines the type of non-deterministic analysis that can be
executed without unintentional misrepresentation of data and inadvertent introduction of unvalidated
assumptions. Inversely, a specific type of analysis can only be executed when the model data are
available in a suitable format. The appropriate data format depends on the phase of development of
structure that is considered and on the type of parameter that is modelled : material data, geometrical
data, loads data, boundary conditions and spatial distribution of model parameters.
The authors perceive a need for a coordinated effort by the scientific research community to collect
reliable data on different types of model parameters in an appropriate format for non-deterministic
analysis and to make available these data to their fellow researchers and to the engineering community.
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